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We investigate the slicing dependence of the relationship between conserved quantities in the
(A)dS/CFT correspondence. Specifically, we show that the Casimir energy depends upon the topol-
ogy and geometry of spacetime foliations of the bulk near the conformal boundary. We point out
that the determination of the brane location in brane-world scenarios exhibits a similar slicing
dependence, and we comment on this in the context of the AdS/CFT correspondence conjecture.
I. INTRODUCTION
The AdS/CFT correspondence conjecture is now a fundamental concept in a variety of subjects [1]. It is intimately
connected with the holographic renormalization group [2] and emerges in brane-world scenarios [3–5]. An extension
of the conjecture to asymptotically de Sitter spacetimes (the dS/CFT correspondence) has recently been proposed
by Strominger [6]. While it can in certain ways be trivially achieved by just Wick rotation of appropriate AdS/CFT
quantities, there are still many unclear points as to its formulation and interpretation. However since the dS/CFT
correspondence offers the hope of providing an answer for the origin of the vacuum energy or the deSitter entropy [7],
it remains a subject of lively investigation [8–11].
Supporting evidence for the AdS/CFT conjecture has been provided from the computation of conserved quantities.
Specifically, it has been shown that the usage of CFT-inspired boundary counterterms furnishes a means for calcu-
lating gravitational actions and conserved quantities without reliance on any reference spacetime [12]. Moreover,
calculations of the total energy at infinity in odd-dimensional spacetimes yield additional contributions to the total
energy of black hole spacetime that could be interpreted as the Casimir energy of the boundary CFT. These results
have recently been extended to asymptotically de Sitter spacetimes with success [10].
In this paper we consider the slice(brane) dependence of conserved quantities1. Specifically, we demonstrate that
the additional Casimir-type contributions to the total energy are dependent on the slicing topology, as one might
expect from quantum field theory in curved spacetimes [14]. We also find a dependence on the choice of slicing
geometry; this issue is presumably related to the recent discussion of the state of the CFT [11]. We then consider
a similar situation in brane-world scenarios [3–5], examining a recent claim by Verlinde that the Friedman equation
on the brane is identical to the Cardy formula [15] if the correspondence is such that the curvature term is identified
with the Casimir energy [16]. Following the standard AdS/CFT correspondence, on the other hand, we can derive
the effective gravitational equation on the curved branes and point out a gap between Verlinde’s argument and the
standard one.
II. (A)DS/CFT CORRESPONDENCE AND SLICING
The energy-momentum tensor of the boundary CFT as determined by the counter-term method is [12]
TCFTµν =
1
8πGn
[
Kµν −Kγµν
− 1
ℓ
[n/2]∑
k=1
Θ(n+ 1− 2k) ℓ2kT (k)µν
]
(1)
=
1
8πGn
[
Kµν −Kγµν − (n− 2)Θ (n− 1)
ℓ
γµν
1An early discussion of the dependence of the Casimir energy on boundary geometry appeared in ref. [13].
1
+
ℓΘ(n− 3)
(n− 3)
(n−1)
Gµν + · · ·
]
, (2)
where γµν is the metric for a given choice of boundary slice B of spacetimeM, whose extrinsic curvature is Kµν and
whose unit normal is uµ. The step function Θ(x) vanishes for x ≤ 0, and so the terms in the ellipsis are non-zero
only for n ≥ 6. We have explicitly written the first two terms in the sum, where (n−1)Gµν is the (n− 1)-dimensional
Einstein tensor of the boundary. Every term is a rank-2 tensor consisting of terms proportional to powers and/or
derivatives of the boundary curvature; they have been explicitly computed up to n = 9 [10,17].
Given a Killing vector ξν , the quantity
Qξ =
∮
Σ
dn−2ϕ
√
σnµTCFTµν ξ
ν (3)
is defined as the conserved charge associated with an (n − 2)-dimensional surface Σ ⊂ B, whose unit normal nµ is
orthogonal to uµ (u · n = 0).
A. Static Slicings
As an example, consider an evaluation of the energy of Schwarzschild-AdS spacetime with static slicing, that is,
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2σijdx
idxj , (4)
where σij is a metric of a unit (n− 2)-dimensional sphere, plane or (compact) hyperboloid for k = 1, 0,−1, respectively,
and f(r) = k − 2m/rn−3 + r2/ℓ2. In this slice the energy is measured at r =∞. The extrinsic curvature of a surface
with spacelike unit normal uα = rˆα = (∂/∂r)
α
is
Ktt = −f
′
2
√
f(r) Kij = r
√
f(r)σij (5)
and
Ttt =
(n− 2) f
8πGnℓ
{
− ℓ
√
f
r
+
[
Θ(n− 1) + kℓ
2Θ(n− 3)
2r2
]
−k
2ℓ4Θ(n− 5)
8r4
+
k3ℓ6Θ(n− 7)
16r6
}
(6)
where we have explicitly computed all terms up to n = 9.
Consequently the total energy at r =∞ is
M
(n,k)
AdS =
∫
σ
dn−2x
√
σTCFTµν n
µξν = V n−2
(n− 2)
8πGn
(7)
×
[
m+
Γ
(
2p−3
2
)
ℓ2p−4 (−k)(p−1)
2
√
πΓ (p)
δ2p−1,n
]
where ξν is the timelike Killing vector ∂/∂t and V n−2 is the volume of the compact (n− 2)-dimensional space (for
k = 1, see [17]). If p = n+12 is a positive integer, the second term remains. We see here the explicit dependence of the
CFT energy on the slicing topology. With spherical (hyperbolic) slicing, k = 1 (−1), the r = constant hypersurface
has R×Sn−2(Hn−2) topology and the Casimir energy naturally emerges; its sign depends on the dimensionality and
the value of k. However flat slices with k = 0 have R4 topology, and the Casimir energy vanishes. This is of course
compatible with the features of quantum field theory in the curved spacetimes.
Similar results hold for the Schwarzschild de Sitter case. Working outside of the cosmological horizon, the metric
is
ds2 = −f˜(r)dr2 + dt
2
f˜(r)
+ r2dΩ˜2d−1 (8)
where
2
f˜(r) =
(
r2
ℓ2
+
2m
rd−2
− 1
)−1
(9)
Now the roles of the unit normals are inverted: the timelike unit normal is uα = t̂α = (∂/∂t)α , and a calculation
analogous to the one above yields [10]
M
(n)
dS = V
n−2 (n− 2)
4πGn
[
−m+ Γ
(
2p−3
2
)
ℓ2p−4
2
√
πΓ (p)
δ2p−1,n
]
(10)
where ξ = ∂/∂t is now a spacelike Killing vector, and the overall sign-flip in the mass parameter arises from the
relative signature change in the boundary.
B. Conformally Asymptotically Flat Slicings
There is also a dependence of the CFT energy on the slicing geometry. Consider a slicing such that the boundary
extrinsic curvature is given by
Kµν = −1
ℓ
γµν (11)
which we refer to as the conformally asymptotically flat (CAF) slicing condition. For the exact n−dimensional deSitter
spacetime, the induced geometry on the slices is (n − 1)-dimensional Euclid space. In this case the first three terms
in the CFT boundary stress-energy exactly cancel, yielding
TCFTµν =
1
8πGn
ℓΘ(n− 3)
(n− 3)
(n−1)Gµν + · · · (12)
Since the spacetimes under consideration are asymptotically (A)dS, we suppose further that
γµν = Ω
2γ˜µν (13)
where the induced metric σ˜µν on the hypersurface Σ is obtained from γ˜µν , which is asymptotically flat, and Ω
−1
vanishes on the conformal completion of the boundary manifold. It is then straightforward to show on dimensional
grounds that
T (k)µν (γ) = Ω
2(1−k)T˜ (k)µν (γ˜) (14)
for every term in the sum (1). Consequently, we have
Qξ =
1
8πGn
ℓΘ(n− 3)
(n− 3)
∮
Σ∞
dn−2ϕ
√
σ
(n−1)
Gµνn
µξν (15)
as the surfaces Σ approach the conformal completion Σ∞ of the boundary. Note that this is an exact result, valid for
n > 3.
Now we can evaluate Qξ of the Schwarzshild-dS spacetime in the CAF slicing. The metric has the form [9]
ds2 = −g2dτ2 + a2ω4/(n−3)(d~x · d~x), (16)
where d~x · d~x is the metric of the (n− 1)-dimensional Euclidean space,
ω(τ, ~x) = 1 +
m
2(a(τ)|~x|)n−3 g(τ, ~x) =
2
ω
− 1 (17)
and a(τ) = e−τ/ℓ.
In this case ξ = ∂/∂t− (xi/ℓ)(∂/∂xi), the CFT stress-energy is given by
TCFTµν = −
1
8πGn
(
δij − (n− 1)x
ixj
|~x|2
)
m
(a |~x|)n−3 (|~x|ω)2 (18)
3
and the total mass as t→∞ is
M
(n)
dS/CFS = −V n−2
m (n− 2)
4πGn
(19)
again illustrating the dependence of the Casimir energy on the choice of slicing: in the above, the Casimir energy
does not appear in CAF slicings.
Similar results hold in the AdS case where k = −1. Under a coordinate transformation, the metric (4) becomes
ds2 = g2dr2 + a2ω4/(n−3)(−dt2 + t2σijdxidxj), (20)
with a(r) = e−r/ℓ, g = 2/ω − 1 and ω(τ, ~x) = 1 − m/2[a(r)t]n−3, and an analogous calculation using CAF slicing
yields
M
(n,k=−1)
AdS/CFS = V
n−2m (n− 2)
4πGn
(21)
for the total mass as r →∞.
III. ADS/CFT AND THE BRANE-WORLD
The goal of this section is to see where the Casimir energy appears in the context of an AdS/CFT interpretation
[3–5] of the brane-world scenario [18]. Our argument is based on ref. [5] where the cosmological constant on the
brane is set to zero. We first extend the previous formulation [5] to that on curved branes with non-zero cosmological
constant (See [19–21] for the deSitter brane case). Then we might expect that we can see curvature or topological
effects as the CFT contribution dual the adS bulk. In this section we consider only five dimensions.
Recall that the following gravitation equation holds on the brane [22]:
(4)Gµν = −Λ4qµν + 8πG4Tµν + κ45πµν − Eµν , (22)
where qµν is the induced metric on the brane, 8πG4 := κ
4
5λ/6 ,
Λ4 : =
1
12
[
(κ25λ)
2 −
(
6
ℓ
)2]
πµν : = −1
4
T
α
µTαν +
1
12
TTµν +
1
8
qµνTαβT
αβ − 1
24
qµνT
2
and
Eµν :=
(5)Cµανβn
αnβ . (23)
In the above λ is the brane tension and Tµν is the energy-momentum tensor on the brane. This equation is exact if we
assume that the five dimensional Einstein equation holds and Z2-symmetry. Since only Eµν contains bulk information,
it expresses the contribution from the Kaluza-Klein modes [22]. Moreover Eµν can be shown to be identical to the
CFT energy-momentum tensor as seen below.
On the other hand, from the perspective of the AdS/CFT correspondence, we have the effective equation on the
brane
(4)Gµν = −1
ℓ
(
κ25λ−
6
ℓ
)
qµν + 8πG5ℓ
−1
(
Tµν + T
(CFT)
µν
)
+O(T2) (24)
where T
(CFT)
µν is the CFT energy-momentum tensor on the brane. See Refs. [3–5] for κ25λ = 6/ℓ cases where the
cosmological constant term on the brane vanishes. Note that κ25λ = 6/ℓ holds exactly in Randall-Sundrum toy models
to realize the Minkowski branes.
To linear order in Tµν and
(
κ25λ− 6/ℓ
)
, we can see that eqs. (22) and (24) are the same provided we identify the
CFT energy-momentum tensor with the bulk part of the electric Weyl tensor:
4
8πG5ℓ
−1TCFTµν ≃ −Eµν . (25)
where we approximate G4 by G5ℓ
−1 and Λ4 in Eq. (22) by
Λ4 =
1
ℓ
(
κ25λ−
6
ℓ
)
+
1
12
(
κ25λ−
6
ℓ
)2
≃ 1
ℓ
(
κ25λ−
6
ℓ
)
, (26)
respectively.
Consequently we recover the AdS/CFT interpretation to leading order in
(
κ25λ− 6/ℓ
)
for the brane-world, but we
cannot retain this interpretation to all orders 2
Finally, we consider the Casimir energy. As an example let us take the homogeneous and isotropic universe on the
brane [23]: (∂τa
a
)2
+
k
a2
=
8πG4
3
ρ+
Λ4
3
+
κ45
36
ρ2 +
µ
a4
, (27)
where a(τ) is the scale factor, τ is the proper time on the brane and µ is the mass parameter of the five dimensional
Schwarzshild-AdS spacetime. The last term in the right-hand side is the dark radiation [22–24] which comes from
Eµν . The curvature term is usual one which appears in a 4-dimensional cosmology, and so it is not directly related
to the CFT in the brane world. This result is differs from the viewpoint argued by Verlinde [16] because this term
is supposed to correspond to the Casimir energy of CFT on the brane. But according to the standard AdS/CFT
viewpoint such terms should arise from Eµν .
Although the Casimir energy does not appear in the homogeneous and isotropic brane universe according to the
standard AdS/CFT, this does not mean that Eµν does not contain the Casimir energy. A consideration of fluctuations
around the homogeneous and isotropic brane universe with non-trivial topology indicates that the Casimir energy of
the fluctuations appears in Eµν and T
(CFT)
µν as usual in curved spacetimes [14].
IV. SUMMARY
In this paper, we have investigated the slicing dependence of the Casimir energy in the context of the (A)dS/CFT
correspondence. We find a significant dependence of the Casimir energy on both the geometry and the topology of
the boundary slicing. For asymptotically flat slicings (i.e. those which become sufficiently conformally flat), the CFT
energy measured at the boundary is same as the gravitational energy and there is no Casimir contribution. These
features are consistent with curved-space(time) quantum field theory.
We also have discussed the AdS/CFT interpretation in the brane-world. We could show that the bulk Weyl tensor
corresponds to the CFT stress tensor. The Casimir energy does not emerge for the observers on the brane when we
think of the homogeneous-isotropic universe on the brane. So, following the standard AdS/CFT correspondence, it is
difficult to identify the curvature term with the Casimir energy as Verlinde did [16]. Evidently Verlinde’s argument
goes beyond the scope of the standard AdS/CFT correspondence.
The relationship between the slicing dependence of the Casimir energy in terms of the state of the CFT [11] remains
an interesting subject for future investigation.
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2It has been shown that piµµ is related to the conformal anomaly [5]
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